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TOWARDS THE BULK UNIVERSALITY OF NON-HERMITIAN RANDOM MATRICES
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DOMINIK SCHRÖDER∗
Institute for Theoretical Studies, ETH Zurich, Clausiusstr. 47, 8092 Zurich, Switzerland
Abstract. We consider the non-Hermitian analogue of the celebrated Wigner-Dyson-Mehta bulk uni-
versality phenomenon, i.e. that in the bulk the local eigenvalue statistics of a large random matrix with
independent, identically distributed centred entries are universal, in particular they asymptotically coin-
cide with those of the Ginibre ensemble in the corresponding symmetry class. In this paper we reduce this
problem to understanding a certain microscopic regime for the Hermitized resolvent in Girko’s formula
by showing that all other regimes are negligible.
1. Introduction
Consider a large n × n matrixX with independent, identically distributed (i.i.d.) centred entries
with variance n−1 . According to the circular law [4, 19, 5, 23], the spectrum of X converges to the
unit disk in the complex plane with uniform spectral density. The typical distance between nearby
eigenvalues is n−1/2 . We consider the eigenvalue point process after rescaling it by a factor of n1/2
around a fixed point z0 ∈ C, |z0| < 1. In case of the Ginibre ensemble, i.e. if the entries of X are
Gaussian, all correlation functions of this rescaled point process can be computed explicitly, for both
the real and the complex case, in then→∞ limit, see Remark 2.2. Beyond the Gaussian case no explicit
formulas are available, but the outstanding conjecture asserts that the local eigenvalue statistics are given
by exactly the same formulas for essentially any distribution of the matrix elements. In this paper we
make a step towards proving this conjecture in the bulk regime. The analogous universality result at
the edge of the spectrum, |z0| = 1, has been fully proven recently in [11] relying on supersymmetric
methods to obtain a lower tail estimate for the lowest singular value ofX [13]. Prior to our works, these
universality conjectures have only been proven under the restriction that the first four moments of
the common distribution of the matrix elements (almost) match the first four moments of the standard
Gaussian [24]. Matching the second moment amounts to a simple rescaling, but the requirement of
matching any higher moments was an artefact of the proof.
Local spectral universality questions have been motivated by Eugene Wigner’s pioneering idea to
model spectral statistics of complex quantum systems by those of simple random matrix ensembles
that respect the basic symmetries but otherwise may not resemble at all to the initial quantum Hamil-
tonian. The originalWigner-Dyson-Mehta (WDM) conjecture [21] concernedHermitian randommatrix
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ensembles, most prominently the Wigner ensemble that is characterized by i.i.d. entries (up to the Her-
mitian symmetry). Since the resolution of the WDM conjecture about ten years ago via the three-step
strategy (see [16, 15] for an overview of the major steps and references), in the recent years many local
spectral universality results have been obtained for random matrix ensembles of increasing generality.
However, apart from [24] and [11] all universality results have been restricted to Hermitian ensembles.
The main reason why the three-step strategy has not yet been extended beyond the Hermitian case
is the lack of a good analogue of the celebrated Dyson Brownian Motion (DBM), a system of stochastic
differential equations for the eigenvalues under a natural matrix flow. The DBM is the essential core
of the three-step strategy; its fast convergence to local equilibrium is the ultimate mechanism behind
universality. This dynamical approach is extremely robust since it not only detects universality but also
induces it. Unfortunately, the non-Hermitian analogue of the DBM [7, Appendix A] involves overlaps of
eigenvectors as well, making the rigorous analysis extremely complicated and currently beyond reach.
In the current approach, similarly to our edge universality proof [11], we circumvent the non-Hermitian
DBM. As standard in non-Hermitian spectral analysis, we use Girko’s formula [19] in the form given
in [24] that expresses linear eigenvalue statistics of X in terms of resolvents of a family of 2n × 2n
Hermitian matrices
Hz :=
(
0 X − z
X∗ − z 0
)
(1.1)
parametrized by z ∈ C. This formula asserts that
∑
σ∈Spec(X)
f(σ) =
1
4π
∫
C
∆f(z) log|detHz| d2z = − 1
4π
∫
C
∆f(z)
∫ ∞
0
ℑTrGz(iη) dη d2z
(1.2)
for any smooth, compactly supported test function f , whereGz(w) := (Hz − w)−1 is the resolvent
ofHz . The key point is that we are back to the Hermitian world and all tools and results developed for
Hermitian ensembles in the last years are available.
UtilizingGirko’s formula requires a very good understanding of the resolvent ofHz along the imag-
inary axis for all η > 0. The standard local law gives a computable deterministic approximation to
ℑTrGz with an error term of order 1/η that is too crude for (1.2), so we need a more accurate anal-
ysis. A priori all η regimes in (1.2) may substantially contribute. The main result of this paper is to
show that only the regime η ∼ n−1 is relevant for the local eigenvalue statistics of X . While this is
not unexpected, the proof is non-trivial. On very small scales η ≪ n−1 , there are no eigenvalues,
hence ℑTrGz is negligible. Above this microscopic scale, i.e. for η ≫ n−1 , we show that the trace
of the resolventGz varies slowly in z, hence there is an additional cancellation in (1.2) when ℑTrGz
is integrated against∆f(z) that has zero integral. We exploit this cancellation by a first order Taylor
expansion of the function z → ℑTrGz and an auxilliary bound from [10].
This leaves the scale η ∼ n−1 unexploredwhich is equivalent to understanding a few small singular
values ofX−z. We note that for a single z, the universality of the few smallest singular values ofX−z
was proven in [9] in the complex case. However, owing to the z-integration in (1.2), one also needs
the universality of the joint distribution the smallest singular values of X − z1, X − z2, . . . , X −
zk for any finite collection of zi at distance n
−1/2 from each other. While this more general form of
universality of the singular values is certainly expected to hold, the proof of [9] currently cannot cover
this generalization.
We remark that ideas based solely on local laws and Green function comparison arguments were
sufficient for the edge proof in [11], no Hermitian universality result was needed. The bulk regime is
different, the necessary information onℑTrGz(iη) for η ∼ n−1 is apparently not accessible solely by
these methods. The classical Wigner-Dyson-Mehta universality for general Wigner matrices features
the same distinction; all existing proofs of sine-kernel universality in the bulk spectrum requires some
version of Dyson Brownianmotion, while the Tracy-Widom universality for extreme eigenvalues at the
edges of the Wigner semicircle law can be proven by carefully analyzing the Green function [20] (in fact
even moment method suffice [22]).
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Notations and conventions. We introduce some notations we use throughout the paper. For any
k ∈ N we use the notation [k] := {1, . . . , k}. We write D for the unit disk, H for the upper half-
planeH := {z ∈ C|ℑz > 0}, and for any z ∈ Cwe use the notationd2z := 1
2
i(dz∧dz) for the two
dimensional volume form onC. For any 2n× 2nmatrixA we use the notation 〈A〉 := (2n)−1 TrA
to denote the normalized trace ofA. For positive quantities f, g we write f . g and f ∼ g if f ≤ Cg
or cg ≤ f ≤ Cg, respectively, for some constants c, C > 0 which depends only on the constants
appearing in (2.1). We denote vectors by bold-faced lower case Roman lettersx,y ∈ Ck , for some k ∈
N. Vector and matrix norms, ‖x‖ and ‖A‖, indicate the usual Euclidean norm and the corresponding
induced matrix norm. Moreover, for a vector x ∈ Ck , we use the notation dx := dx1 · · ·dxk .
We will use the concept of “with very high probability” meaning that for any fixed D > 0 the
probability of the event is bigger than 1− n−D if n ≥ n0(D). Moreover, we use the convention that
ξ > 0 denotes an arbitrary small constant.
We use the convention that quantities without tilde refer to a general matrix with i.i.d. entries,
whilst any quantity with tilde refers to the Ginibre ensemble, e.g. we useX , {σi}ni=1 to denote a non-
Hermitian matrix with i.i.d. entries and its eigenvalues, respectively, and X˜ , {σ˜i}ni=1 to denote their
Ginibre counterparts.
2. Bulk universality conjecture
We consider real or complex i.i.d. matricesX , i.e. matrices whose entries are independent and iden-
tically distributed as xab
d
= n−1/2χ for a (real or complex) random variable χ. We formulate the
following assumption for χ:
Assumption 2.1. We assume thatEχ = 0 andE|χ|2 = 1. In the complex case we also assumeEχ2 = 0
(this holds, for example, if ℜχ and ℑχ are i.i.d.). In addition, we assume the existence of high moments, i.e.
that there exist constants Cp > 0 for each p ∈ N, such that
E|χ|p ≤ Cp. (2.1)
We denote the eigenvalues ofX by σ1, . . . , σn ∈ C, and define the k-point correlation function p(n)k
ofX implicitly as∫
Ck
F (z1, . . . , zk)p
(n)
k (z1, . . . , zk) d
2z1 · · ·d2zk =
(
n
k
)−1
E
∑
i1,...,ik
F (σi1 , . . . , σik), (2.2)
for any smooth compactly supported test function F : Ck → C, with ij ∈ {1, . . . , n} for j ∈
{1, . . . , k} all distinct. For the important special casewhenχ follows a standard real or complexGauss-
ian distribution, we denote the k-point function of theGinibre matrixX by p
(n,Gin(F))
k forF = R,C.
The circular law implies that the 1-point function converges
lim
n→∞
p
(n)
1 (z) =
1
π
1(z ∈ D) = 1
π
1(|z| ≤ 1)
to the uniform distribution on the unit disk. On the scale n−1/2 of individual eigenvalues the scaling
limit of the k-point function has been explicitly computed in the case of complex and real Ginibre
matrices, X ∼ Gin(R),Gin(C), i.e. for any fixed z1, . . . , zk, w1, . . . , wk ∈ C there exist scaling
limits p
(∞)
z1,...,zk = p
(∞,Gin(F))
z1,...,zk forF = R,C such that
lim
n→∞
p
(n,Gin(F))
k
(
z1 +
w1
n1/2
, . . . , zk +
wk
n1/2
)
= p(∞,Gin(F))z1,...,zk (w1, . . . , wk).
Remark 2.2. The k-point correlation function p
(∞,Gin(F))
z1,...,zk of the Ginibre ensemble in both the complex
and real cases F = C,R is explicitly known; see [18] and [21] for the complex case, and [6, 14, 17] for the real
case, where the appearance of ∼ n1/2 real eigenvalues causes a singularity in the density. In the complex
case p
(∞,Gin(C))
z1,...,zk is determinantal, i.e. for any w1, . . . , wk ∈ C it holds
p(∞,Gin(C))z1,...,zk (w1, . . . , wk) = det
(
K(∞,Gin(C))zi,zj (wi, wj)
)
1≤i,j≤k
where for any complex numbers z1, z2 , w1 , w2 the kernelK
(∞,Gin(C))
z1,z2 (w1, w2) is defined by
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(i) For z1 6= z2,K(∞,Gin(C))z1,z2 (w1, w2) = 0.
(ii) For z1 = z2 and |z1| > 1,K(∞,Gin(C))z1,z2 (w1, w2) = 0.
(iii) For z1 = z2 and |z1| < 1,
K(∞,Gin(C))z1,z2 (w1, w2) =
1
π
e−
|w1|
2
2
−
|w2|
2
2
+w1w2 .
(iv) For z1 = z2 and |z1| = 1,
K(∞,Gin(C))z1,z2 (w1, w2) =
1
2π
[
1 + erf
(
−
√
2(z1w2 + w1z2)
)]
e−
|w1|
2
2
−
|w2|
2
2
+w1w2 ,
where
erf(z) :=
2√
π
∫
γz
e−t
2
dt,
for any z ∈ C, with γz any contour from 0 to z.
For the corresponding much more involved formulas for p
(∞,Gin(R))
k we defer the reader to [6].
It is conjectured that p
(∞,Gin(R,C))
z1,...,zk is universal (we recently proved this conjecture at the edge of
the spectrum ofX when all |zi| = 1 [11]).
Conjecture 2.3 (Bulk universality). LetX be an i.i.d.n×nmatrix with real or complex entries that satisfy
Assumption 2.1. Then, for any fixed integer k ≥ 1, for any τ > 0, for any complex spectral parameters
z1, . . . , zk such that |zj | ≤ 1 − τ , j = 1, . . . , k, and for any compactly supported smooth function
F : Ck → C, we have the bound
lim
n→+∞
∫
Ck
F (w)
[
p
(n)
k
(
z +
w√
n
)
− p(∞,Gin(F))
z
(w)
]
dw = 0. (2.3)
Without loss of generality we may assume that the n-independent test function F is of the form
F (w1, . . . , wk) = f
(1)(w1) · · · f (k)(wk),
with f (1), . . . , f (k) being smooth and compactly supported. Indeed, any smooth functionF can be ef-
fectively approximated by its truncated Fourier series (multipliedby smooth cut-off function of product
form); see also [24, Remark 3]. After a change of variables and using the inclusion-exclusion princi-
ple, (2.3) amounts to proving that the eigenvalues σi ofX and σ˜i of a comparison Ginibre ensemble X˜
satisfy
E
k∏
j=1
(
1
n
n∑
i=1
f (j)zj (σi)−
1
π
∫
D
f (j)zj (z) d
2z
)
= E
k∏
j=1
(
1
n
n∑
i=1
f (j)zj (σ˜i)−
1
π
∫
D
f (j)zj (z) d
2z
)
+O(n−c(k)),
(2.4)
where we introduced the rescaled test functions
f (j)zj (z) := nf
(j)(
√
n(z − zj)), z ∈ C, (2.5)
and the implicit multiplicative constant inO(·) depends on the norms ‖∆f (j)‖1, j = 1, . . . , k.
A possible approach to prove (2.4) goes by analysing the HermitizationHz ofX − z defined in (1.1)
since Hz and its resolvent Gz = Gz(iη) = (Hz − iη)−1 are related to the eigenvalues σi ofX via
Girko’s Hermitization formula (1.2) and each factor in (2.4) can be written as
1
n
n∑
i=1
f (j)zj (σi)−
1
π
∫
D
f (j)zj (z) d
2z =
1
2π
∫
C
∆f (j)zj (z)
∫ ∞
0
〈ℑGz(iη)−ℑmz(iη)〉 dη d2z, (2.6)
wheremz is the solution of theDyson equation (2.11), and we also used the identity (cf. [2, Definition 2.3])
1
π
∫
D
f (j)zj (z) d
2z =
1
2π
∫
C
∆f (j)zj (z)
∫ ∞
0
ℑmz(iη) dη d2z.
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The contribution of the regime η ∼ 1/n in (2.6) is given by Iǫ(X, f (j)zj ) where we define
Iǫ(X, gz0) :=
1
2π
∫
C
∆gz0(z)
∫ n−1+ǫ
n−1−ǫ
〈ℑGz(iη)− ℑmz(iη)〉 dη d2z (2.7)
and recall gz0(z) := ng(
√
n(z − z0)). Our main result is that for each factor in (2.4) the main contri-
bution from Girko’s Hermitization formula (2.6) is given by Iǫ.
Theorem 2.4. For fixed τ > 0 and any sufficiently small ǫ > 0 there exists a constant C = Cτ > 0
such that for any compactly supported function g and any z0 ∈ C with |z0| ≤ 1− τ it holds that
1
n
n∑
i=1
gz0(σi)−
1
π
∫
D
gz0(z) d
2z = Iǫ(X, gz0) + Eǫ (2.8)
with an error Eǫ of size
E|Eǫ| ≤ Cτ‖∆g‖1n−ǫ/4. (2.9)
As a consequence we can reduce Conjecture 2.3 to a conjecture about joint moments of Iǫ for arbi-
trarily small ǫ > 0.
Proposition 2.5. Suppose there exists ǫ > 0 such that for each k ∈ N there exists c(k) > 0 such that
E
k∏
j=1
Iǫ(X, f (j)zj ) = E
k∏
j=1
Iǫ(X˜, f (j)zj ) +O
(
n−c(k)
)
, (2.10)
for any collection of smooth compactly supported test functions f (j) , then Conjecture 2.3 holds true.
In a previous version of this paperwe claimed a proof of (2.10) based upon the universality of singular
values ofX−z (see [9, Theorem 3.2] in the complex case, and [12, Theorem 2.8] in the real case). However,
this result implies (2.10) only for k = 1; for general k ≥ 2 one would need a multi-z version of [9,
Theorem 3.2] and [12, Theorem 2.8], that is not yet available.
The main inputs for the proof of Theorem 2.4 are the following two propositions. The first one is
the optimal local law for Gz in Proposition 2.6. It asserts that in the limit n → +∞ the resolvent of
Hz becomes deterministic and its limit can be found by solving the scalar equation
− 1
mz
= w +mz − |z|
2
w +mz
, mz(w) ∈ H, w ∈ H, (2.11)
which is a special case of thematrix Dyson equation (MDE), see e.g. [1]. On the imaginary axismz(iη) =
iℑmz(iη). Then for η > 0 we define
u = uz(iη) :=
ℑmz(iη)
η +mz(iη)
, M = Mz(iη) :=
(
mz(iη) −zu(iη)
−zu(iη) mz(iη)
)
.
Moreover,
uz(iη) . 1, ‖Mz(iη)‖ . 1, (2.12)
hold uniformly in z as long as |z| ≤ 1− τ for some fixed τ > 0.
Proposition 2.6 (Local law for Gz on the imaginary axis [3]). Let X be an i.i.d. n × n matrix, whose
entries satisfy Assumption 2.1, and letHz as in (1.1). Then for any deterministic vectors x,y and matrix R,
and any ξ > 0, τ > 0 we have the bound
|〈x, (Gz(iη) −Mz(iη))y〉| ≤ nξ‖x‖‖y‖
(
1√
nη
+
1
nη
)
(2.13)
|〈R(Gz(iη)−Mz(iη))〉| ≤ n
ξ‖R‖
nη
, (2.14)
with very high probability, simultaneously in all |z| ≤ 1− τ and all η > n−2 , as long as n is sufficiently
large, n ≥ n0 , wheren0 is uniform in z, it depends only on τ, ξ and the control parameters in Assumption 2.1.
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This proposition was proved in [3, Theorem 5.2]; see also [11, Appendix A] to extend the result in [3]
to hold simultaneously in all |z| < 1− τ and η > n−2 . The averaged local law in (2.14) and the entry-
wise local law (choosing x and y being the coordinate vectors in (2.13)) have been proven earlier in [2,
Theorem 5.2] (see also [8, Theorem 3.4] forR = I ). In [12, Theorem 3.1] we extended the local law away
from the imaginary axis.
The second input is a lower tail estimate on the lowest singular value ofX − z to control the very
small η ≪ n−1 regime in (2.6).
Proposition 2.7 (Tail estimate for λz1). Fix τ > 0 and consider z ∈ C with |z| ≤ 1− τ . Then for any
L > 0 the smallest singular value λz1 ofX − z satisfies
P
(
λz1 ≤ n−1−L
)
. n−L/2. (2.15)
Proposition 2.7 follows from [25, Theorem 3.2], and the crude upper bound ‖X‖ . 1with very high
probability (e.g. see [2, Eq. (2.8)]). Alternatively, (2.15) also follows by [2, Proposition 5.7] (which is an
adaptation of [5, Lemma 4.12]), without recurring to the quite sophisticated proof of [25, Theorem 3.2],
under an additional very mild regularity assumption, namely that there exist α, β > 0 such that χ, the
rescaled entry of the matrixX , has a density g : C→ [0,+∞) satisfying
g ∈ L1+α(C), ‖g‖L1+α(C) . nβ . (2.16)
The bound in (2.15) will be used twice in our proof. First, in Lemma 3.2, we use (2.15) for some very large
L = l − 1 > 0 to ensure that with very high probability there are no singular values of X − z very
close to zero, i.e. that
P
(
λz1 ≤ n−l
)
. n−(l−1)/2 (2.17)
for any l > 1 uniformly in |z| ≤ 1 − τ . Second, we will use (2.15) for L = δ, for some small δ > 0
both in Lemma 3.1 and Lemma 3.2 to control the regime λz1 ∈ [n−l, n−1−ǫ]. We remark that (2.15) for
some small L = δ can also be proven with the following argument that neither relies on [25, Theorem
3.2] nor assumes (2.16). First notice that [13, Eq. (4a)] proves (2.15) with a smallL for the smallest singular
value of Ginibre matrices. Then we can combine this bound with [9, Theorem 3.2] in the complex case
and [12, Theorem 2.8] in the real case, to ensure that the same bound holds for i.i.d. matrices X with
arbitrary distribution for χ.
3. Proof of Theorem 2.4
In this section we start with some a priori bounds in Girko’s formula and then we conclude it with
the proof of Theorem 2.4. From now on we fix the scales
η0 := n
−1−ǫ, η1 := n
−1+ǫ, T = n100, (3.1)
for some small fixed ǫ > 0. We split the η-integration in Girko’s formula (1.2) for the rescaled test
functions gz0(z) = ng(
√
n(z − z0)) as
1
n
n∑
i=1
gz0(σi)−
1
π
∫
D
gz0(z) d
2z =
1
4πn
∫
C
∆gz0(z) log|det(Hz − iT )|d2z
− 1
2π
∫
C
∆gz0(z)
∫ η0
0
〈ℑGz(iη) −ℑmz(iη)〉 dη d2z
− 1
2π
∫
C
∆gz0(z)
∫ η1
η0
〈ℑGz(iη) −ℑmz(iη)〉 dη d2z
− 1
2π
∫
C
∆gz0(z)
∫ T
η1
〈ℑGz(iη)−ℑmz(iη)〉 dη d2z
+
1
2π
∫
C
∆gz0(z)
∫ +∞
T
(
ℑmz(iη) − 1
η + 1
)
dη d2z
=: JT (gz0) + I
η0
0 (gz0) + I
η1
η0 (gz0) + I
T
η1(gz0) + I
∞
T (gz0),
(3.2)
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with η0, η1 , and T defined in (3.1), so that Iǫ = Iη1η0 .
We split (3.2) into several integrals since the different regimes will be treated using different tech-
niques. In particular, Iη00 is estimated using the lower tail bound in (2.15) for the smallest eigenvalue
(in absolute value) of Hz ; the integral ITη1 is estimated analysing the z-dependence of 〈ℑGz(iη)〉; fi-
nally, the integrals JT and I
∞
T are estimated by easy direct computations. This will show that the main
contribution comes from the regime Iη1η0 .
We start with giving a priori bounds for the integrals in (3.2).
Lemma 3.1. It holds
|JT | . n
1+ξ‖∆g‖1
T 2
, |Iη00 |+ |Iη1η0 |+ |ITη1 | . nξ‖∆g‖1, |I∞T | .
n‖∆g‖1
T
, (3.3)
with very high probability for any ξ > 0.
Proof. The bound for |Iη1η0 |, |ITη1 | follows by the local law forHz in Proposition 2.6. Using the bounds
proven in [2, Proof of Theorem 2.5] we conclude the bounds of |JT |, |I∞T |. By [25, Theorem 3.2] and a grid
argument in z it follows that the bound for Iη00 in (3.3) holds on a very high probability set (see below (3.5)
for more details about this argument). Alternatively, under the additional smoothness assumption (2.16)
the bound of |Iη00 | also follows as in [2, Proof of Theorem 2.5] directlywithout additional grid-argument.

Next, for Iη00 and I
T
η1 we have improved bounds holding in expectation which allow to conclude
Theorem 2.4 and Proposition 2.5.
Lemma 3.2. For Iη00 with η0 = n
−1−ǫ and for any ǫ > 0, we have
E|Iη00 | . n−ǫ/4‖∆g‖1.
Proposition 3.3. For ITη1 with η1 = n
−1+ǫ and any ǫ > 0 we have
E|ITη1 | . n−ǫ/4‖∆g‖1.
Proof of Theorem 2.4. By (3.2), Lemmata 3.1–3.2, and Proposition 3.3 we easily conclude Theorem 2.4. 
Proof of Proposition 2.5. We split each factor on both side of (2.4) as in (2.8). For the mixed moments
involving only factors of Iǫ we conclude the approximate equality from (2.10). For the terms with at
least one factor of Eǫ we use the high probability bounds fromLemma 3.1 togetherwith (2.9) to conclude
equality. 
3.1. Proofs of Lemma 3.2 and Proposition 3.3.
Proof of Lemma 3.2. This argument was essentially given in [11, Lemmata 2-4], we repeat the proof here
for completeness. We denote the eigenvalues of Hz by {λz±i}i∈[n] which are symmetric around 0
by block structure of Hz and, in modulus, agree with the singular values of X − z. For notational
simplicity we omit the z-dependence within the proof of Lemma 3.2.
We start by splitting the η-integral in Iη00 as
n
∫ η0
0
ℑ〈Gz(iη)−Mz(iη)〉 dη
=
∑
|λi|<n
−l
log
(
1 +
η20
λ2i
)
+
∑
|λi|≥n
−l
log
(
1 +
η20
λ2i
)
− n
∫ η0
0
ℑm̂z(iη) dη,
(3.4)
where l ∈ N is a large fixed positive integer, and η0 = n−1−ǫ . For Lemma 3.2 it is enough to prove that
the rhs. of (3.4) is bounded by n−ǫ/6+ξ since ∆f in Iη00 is bounded in L
1 . Using that |mz(iη)| . 1,
the third term in the second line of (3.4) is bounded by nη0 = n
−ǫ.
8 TOWARDS THE BULK UNIVERSALITY OF NON-HERMITIAN RANDOM MATRICES
For the bounds on the first and second term in (3.4) we present two proofs; one relying on [25], and
one relying on [2] under the additional mild moment assumption (2.16). For the first term in the rhs.
of (3.4) we compute
E
∑
|λi|<n
−l
log
(
1 +
η20
λ2i
)
≤ nE
[
log
(
1 +
η20
λ21
)
1(λ1 ≤ n−l)
]
. nE[|log λ1|1(λ1 ≤ n−l)]
= n
∫
l log n
P(λ1 ≤ e−s) ds.
(3.5)
For discrete random variablesχ the event λ1 = 0might occur with some small but non-zero probabil-
ity. However, using (2.15) and a grid argument in the z-variable we can guarantee that λ1 = λ
z
1 ≥ n−l
holds simultaneously for all z on a very high probability eventΣwithP(Σc) . n−100 . For the second
term on the rhs. of (3.4) we again use (2.15) to conclude
E
∣∣∣{i ∣∣∣ |λi| ≤ nǫ/2η0}∣∣∣ . n−ǫ/4 (3.6)
and thereby, using (3.6), and log(1 + x) ≤ x,
E
∑
|λi|≥n
−l
log
(
1 +
η20
λ2i
)
= E
∑
n−l≤|λi|≤n
ǫ/2η0
log
(
1 +
η20
λ2i
)
+E η20
∑
|λi|≥n
ǫ/2η0
1
λ2i
. E|{i | |λi| < nǫ/2η0}| · log n+E η20
∑
|λi|≥n
ǫ/2η0
1
λ2i
. (logn)n−ǫ/4 +E η0
∑
|λi|≥n
ǫ/2η0
nǫη0
λ2i + (n
ǫη0)2
. (logn)n−ǫ/4 + nη0〈ℑGz(inǫη0)〉 ≤ nξ−ǫ/4,
(3.7)
where in the last inequalitywe used averaged local law in (2.14). By combining (3.5) and (3.7) we conclude
the claimed bound on |Iη00 | conditionally on the high-probability eventΣ. However, by a trivial cut-off
argument due to (2.1) we may assume that χ is bounded by |χ| ≤ n. Then the lhs. of (3.2), and the
integrals JT , I
η1
η0 , I
T
η1 , I
∞
T in (3.2) are bounded deterministically by, say, n
2 , hence so is Iη00 , and we
conclude the claimed bound on |Iη00 | also unconditionally.
We may also complete the proof without relying on [25]. Under the additonal regularlity assump-
tion (2.16), due to [2, Proposition 5.7] it follows that
P
(
λ1 ≤ u
n
)
. u
2α
1+α nβ+1, (3.8)
for any u > 0. Then (3.8) allows us to estimate the rhs. of (3.5) by, say, n−10 by choosing l large enough.
The proof of (3.6) can even avoid the smoothness assumption (2.16), using [13, Eq. (4a)] (see below (2.17)
for more details). 
Proof of Proposition 3.3. In order to estimate
E|ITη1 |2 = n2
∫
C2
d2z d2z′∆f(z)∆f(z′)
∫
[η1,T ]2
dη dη′〈ℑGz(iη)−ℑmz(iη)〉〈ℑGz′(iη′)−ℑmz′(iη′)〉
we perform a first-order Taylor expansion of z′ around z,
〈ℑGz′(iη′)− ℑmz′(iη′)〉 = 〈ℑGz(iη′)− ℑmz(iη′)〉
+
∫ 1
0
ℑ
[
∂z〈Gz(iη′)−mz(iη′)〉|z=z(s)
]
(z′ − z) ds
+
∫ 1
0
ℑ
[
∂z〈Gz(iη′)−mz(iη′)〉|z=z(s)
]
(z′ − z) ds,
(3.9)
REFERENCES 9
where z(s) = sz′ + (1− s)z. For the derivatives we have the bounds (see [10])
|∂z〈Gz −mz〉|+ |∂z〈Gz −mz〉| . n
ξ
nη3/2
(3.10)
and from using (3.9) and (3.10) we thus conclude
E|ITη1 |2 = n2
∫
C2
d2z d2z′∆f(z)∆f(z′)
∫
[η1,T ]2
dη dη′O
(
nξ
1
nη
|z − z′|
n(η′)3/2
)
. nξn2‖∆f‖21
log n
n
1
n3/2η
1/2
1
. n2ξ
‖∆f‖21√
nη1
= n2ξ−ǫ/2‖∆f‖21,
since the 0-th term of (3.9) does not contribute to the integral due to
∫
C
∆f(z) d2z = 0. 
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